In this paper we prove that for a large and physically relevant class of smooth complete metrics on open four-manifolds the set of L 2 -norms or energies of (anti-)self-dual finite-energy G-connections is discrete where G is a simple, connected, simply connected and compact Lie group. The proof is based on the Atiyah-Patodi-Singer Index Theorem.
Introduction
The studying of moduli spaces of SU (2)-(anti-)self-dual connections over compact, smooth four-manifolds led to a breakthrough in four dimensional geometry in the early eighties due to Donaldson, Freedman, Uhlenbeck and others. It is surprising and encouraging that the key idea of this revolution is the mathematical application of the deep physical concept of instantons first considered by quantum physicists in the seventies.
Due to these results lot of mathematicians started to work in this area, especially on compact four-manifolds using Donaldson theory. Compactness is exploited many times in dealing with manifolds in order to avoid extremely difficult analytical questions. Later, open four-manifolds came in the scope of interest as well due to Taubes [10] [11] and Morgan, Mrowka [9] . Faced with the non-trivial analytical difficulties the metric on these open four-manifolds has been chosen to be the most natural and simplest one in order to extract as much geometric and smoothness property from moduli spaces of open manifolds as possible. This class of metrics contains the so-called cylindrical metrics; these metrics are compatible to the structure of the end of these open manifolds in some sense.
However, it is natural to ask what about the instanton structure of physically interesting Riemannian four-manifolds? To understand the role of instantons in quantum field theories it is important to study these manifolds as well. The main problem is that these metrics are typically non-cylindrical hence the standard mathematical approach is not applicable easily.
In this work we will study the behaviour of the Yang-Mills functional over open four-manifolds equipped with a smooth complete metric belonging to a class which contains the class of cylindrical metrics but physically relevant strongly non-cylindrical metrics as well. We will prove that if a Riemannian manifold (M, g) of this type possesses non trivial finite energy (anti-)self-dual G-connections for a Lie group G (specified below) than the values of their energy or action or L 2 -norm form a discrete set in R. The proof is based on the Atiyah-Patodi-Singer index theorem. This result generalizes Corollary 4.1.3. of [9] which states that for closely cylindrical manifolds the L 2 -norms of (anti-)selfdual connections form a discrete set, because we do not require the existence of a limit connection in infinity.
To see an application, we consider the Euclidean Schwarzschild manifold and prove that it possesses non-trivial finite-energy self-dual SU (2)-connections (instantons). Our theorem is valid in this setup, moreover we prove that these moduli spaces are labeled by positive integers.
We present such an instanton as well which is nothing but a projection of the Levi-Civitá connection.
The Theorem
Let (M, g) be a connected, complete Riemannian four-manifold with an end diffeomorphic to N × R + where N is a compact, oriented three-manifold and R + = [0, ∞). Note that there is a spin c structure on M hence (M, g) is automatically a Riemannian spin c -manifold. Let G be a simple, connected, simply connected and compact Lie group. Making use a principal G-bundle P over M and a complex representation of G, we can form an associated complex vector bundle E over M with a G-connection A on it. Since M is open, such vector bundles are classified by the group H 2 (M, π 1 (G)). The simply-connectedness of G implies E is always trivial over M .
Consider the usual Yang-Mills functional · 2 : A E → R, where A E denotes the affine space of G-connections over the trivial bundle E; their L 2 -norm is
Here F A denotes the curvature 2-form of the connection A while * is the Hodgeoperation given by the metric g. We will often use the notation for the pointwise norm |ω| 2 g := −tr(ω ∧ * ω) for a Lie algebra valued k-form over a Riemannian manifold of dimension m.
(1) is called the L 2 -norm or energy, or action of the connection A. Since M is not compact the norm can be undefined evaluated on certain connections.
The Euler-Lagrange equation of (1) together with the Bianchi-identity of the curvature gives rise the Yang-Mills equations:
We remind the reader that a connection A on E is called an (anti)instanton field if it satisfies the (anti)self-duality equations
From now on we will focus without loss of generality on instanton solutions only and assume that the moduli space of instantons over the Riemannian manifold (M, g) is non-empty. In the case of instantons (1) can be written as
If M was compact then, by the Chern-Weil theory, the four-form tr(F A ∧ F A ) would represent the characteristic class
are the Chern classes) of the vector bundle E so it is easy to see that it is an integer for groups G = SU (n) (moreover it is positive since it is equal to a norm).
However, if M is open it is not straightforward that (4) is integer since the characteristic class-interpretation breaks down in this case.
Our goal is to show that for a relevant class of smooth complete metrics on M although this property of the Yang-Mills functional does not remain valid but if its value on a self-dual connection is finite than it belongs to a discrete set in R.
First, we define the class of admissible metrics over M . Since the end of M is diffeomorphic to the tube N × R + we may form the compact manifold with boundary
where t parameterizes the real half-line. In this way we get a non-complete but compact manifold (M t , g| Mt ) =: (M t , g Mt ) with boundary ∂M t ≃ N × {t}. We can restrict naturally the original vector bundle E to M t which will be denoted by E t . Remember that the Riemannian manifold (M, h) is a spin c -manifold hence we may form the complex spin bundles S ± over it (since the group Spin(4) is simply connected, the spin bundles are also trivial over M ). We can form the (chiral) Dirac-operator acting between the smooth sections of S ± (the so-called spinors):
If we restrict ∂ / to M t we may introduce the three-dimensional self-adjoint Diracoperator ∂ /| ∂Mt acting on the bundles S + | ∂Mt ≃ S − | ∂Mt . Now we wish to impose our assumption on h. Let us denote by C h the conformal equivalence class of the smooth complete metric h on M . Suppose there is a representing element g ∈ C h such that its restricted Dirac-operator ∂ /| ∂Mt is independent of t ∈ R + for large t's i.e. using the Lie derivative L along ∂/∂t there is a T ∈ R + with the property
a Riemannian four-manifold as above. The metric h is called admissible if it is smooth, complete and there is a representing element g ∈ C h obeying assumption (i).
The assumption is quite restrictive but note that the important class of cylindrical metrics of the form dt 2 +g N satisfies (i); moreover we will see that metrics which are significantly non-cylindrical can be considered in our approach as well.
Fix a metric g ∈ C h on M for an admissible metric h. Using the Yang-Mills connection A, consider the twisted Dirac-operator
It is a first order, elliptic differential operator over the compact manifold with boundary (M t , g Mt ). Now we fix the Atiyah-Patodi-Singer boundary condition (APS) on the spinors. Remember that a spinor ψ ∈ Γ(S
where V ± denotes the complex vector space spanned by the eigenspinors of positive (negative) eigenvalues of ∂ / A (t)| ∂Mt . (Note that the restricted Diracoperator is self-adjoint!). Hence we have two possible boundary conditions. Restricting our attention to spinors with one chosen boundary condition we may apply the Atiyah-Patodi-Singer Index Formula for the twisted Dirac-
where R denotes the curvature 2-form while Θ t is the second fundamental form of the metric on ∂M t . Moreover
Finally, the famous eta-invariant of the operator is defined as follows. Let
where λ(t) denotes a non-zero eigenvalue of ∂ / A (t)| ∂Mt and sign(λ(t)) is its sign. The η t function can be analytically continued to the whole complex plane and this continuation has no pole at s = 0. Define η ∂ /A(t) := η t (0). To simplify notations we will write ∂ / At instead of ∂ / A (t)| ∂Mt where A t is the restriction of A(t) to E| ∂Mt . Assume A is an instanton field over M . Using (3) (4) and (5) the Yang-Mills functional is given by
where
and
Our next step is to prove that for a suitable sequence {t k |k ∈ N} with t k → ∞ (k → ∞) the limit of the function Q A exists. Fix a constant r ∈ R + such that r > T and consider for an arbitrary t > r the canonical diffeomorphisms ξ r : ∂M r → ∂M t which induce canonical isomorphisms
Furthermore, an operator ∂ / At can be pulled back to an operator ξ * r ∂ / At acting over ∂M r . However, by assumption (i), the representing metric g ∈ C h can be chosen in such a way that its restricted Dirac-operators ∂ / At depend on t only through the restricted Yang-Mills connection A t hence we can write
Let φ t ∈ Γ((S + ⊗ E)| ∂Mt ) be an eigenspinor of ∂ / At :
Hence there is an φ r ∈ Γ((S
In other words ξ r * (ξ * r ∂ / At φ r ) = ξ r * λ(t)φ r . Hence, leaving ξ r * and taking into account (7) we may write
The set of gauge-equivalence classes of flat G-connections over N given by
is called the character variety and will be denoted by χ(N ). Note that χ(N ) is a compact variety in B N , the gauge-equivalence classes of connections over the trivial bundle E| N [9] . We emphasize that χ(N ) is independent of any metric on N . 
Proof. Let A be a self-dual connection on (M t , g Mt ). The determinant of the metric g t is denoted by det g Mt while that of the restricted metric g ∂Mt is det g ∂Mt . Then it is not difficult to establish the following relation between the norms of the original four dimensional connection A and the restricted connection A t :
Consider the conformal rescaling g → g =: ϕ 2 g (ϕ > 0). Taking into account the conformal invariance of the left-hand side of the previous expression as well as the self-duality equations and the transformation property of the determinantformula we can write
Selecting a suitable ϕ we can always write:
Referring to this observation we are allowed to write:
.
Moreover, by (11)
Hence, using F A 2 L 2 (M) < ∞ we can see that for each ε > 0 there is a t such that the following inequality holds for the metricg:
In other words there is a sequence {t n |n ∈ N } such that
Define the function ψ :
Using this function we have:
, where we have introduced the new re-scaled metric g := (ϕψ) 2 g and the corresponding pointwise norm. In light of (12) and the last equation we deduce the following limit: lim
By Uhlenbeck's weak compactness theorem [13] and the compactness of the character variety there is a subsequence {t k |k ∈ N} ⊂ {t n |n ∈ N} and gauge transformations {g k |k ∈ N} such that there is a flat connection Γ in a unique connected component of Hom(π 1 (∂M r ), G) satisfying
Now we can exploit the freedom hidden in the choice of the function ϕ; in accordance with the previous requirement (11) we can achieve that the following also holds: lim inf
Hence for suitable large t's we have
But this proves (10). 3
Using this flat connection Γ, and the already used representant g ∈ C h for the admissible metric h in equation (7), consider the twisted Dirac-operator
Suppressing the gauge transformations g k , it is straightforward by (8) , (9) and (10) that
Our next step is to extend the twisted Dirac-operator D Γ from the boundary to the whole (M r , g Mr ). Note that in general the homomorphism i * : π 1 (∂M r ) → π 1 (M r ) induced by the embedding i : ∂M r → M r is not injective; hence we cannot extend a general flat connection given on the boundary to M r as a flat connection. Indeed, let γ : S 1 → N be a loop representing a class [γ] ∈ ker i * . If a flat connection ∆ has a non-trivial holonomy around γ then it cannot be extended to M r in a flat way.
Hence let B be a connection on the bundle E r satisfying B| ∂Mr = Γ. Using this extended flat connection, we may form the twisted Dirac operator ∂ / B (r) on (M r , g Mr ) satisfying ∂ / B (r)| ∂Mr = D Γ .
The time has come to apply index formula (5) again for the new twisted Dirac-operator ∂ / B (r). This implies:
Note that by (13) we have given another representation of the limit of the function Q A belonging to the sequence {t k |k ∈ N}. Since r was arbitrary we can specialize it to be t k , one value of the sequence {t k |k ∈ N}. Now we can summarize our results. Making use (6) we get:
In the first equality we have used (13) while in the second one (14) for r = t k . Using the Chern-Simons theorem [5] we can write for each t k
So we can derive from the last two expressions the result that (we also use the flatness of Γ to re-write the Chern-Simons function): 
Proof. Since both F A 2 L 2 (M) and flat connections are independent of the representing element g ∈ C h , (15) is valid for each metric in the class C h , especially for h itself. 3
It is important to emphasize that we have not proved that the twisted Diracoperator ∂ / A is an elliptic operator over the whole non-compact M ; we just proved that the difference of "index functions" associated to the original selfdual connection A has a limit belonging to a certain sequence {t k |k ∈ N}.
Hence, by (15) we have presented a "generalized Chern-Simons theorem" in the sense that we have not required the existence of a limit connection in infinity.
In light of our Theorem, It would be useful to say something on ChernSimons invariants of three-manifolds. In general, it is quite difficult to calculate these numbers [4] [8].
Rather we turn our attention to a physically relevant application.
An Application: The Euclidean Schwarzschild Manifold
In this section we consider a physically relevant application of the above theorem: we will prove that the moduli space of smooth, self-dual, finite action SU (2)-connections over the Euclidean Schwarzschild manifold is non-empty. Moreover it will turn out this metric is admissible, hence we will be able to use our theorem. Let m > 0 be a fixed real number and consider the following metric g locally given by
This is the traditional spherically symmetric vacuum-solution to Einstein's equations. It is known [14] that in the case of the above parameterization g can be realized as a smooth, complete metric on
) is a complete Riemannian manifold with end S 2 × S 1 × R + . (For the sake of order we remark that, according to standard notation, in this case the length of the end-tube is parameterized by r instead of the letter t used in the previous section.) To see this, consider the new coordinates
Using these new variables we get
where the function r(R) is defined by the above substitution. In (17) R plays the role of the radial coordinate while ψ corresponds to the angle variable on B analitycally and the resulting metric is complete (B 2 4m denotes the open disc in R 2 of (ordinary) radius 4m). Now we wish to extend (17) to a slightly larger manifold. However, this goal is threatened by the fact that the metric (17) is singular on the boundary of the ball B
2 . Hence we proceed as follows: choose a point x ∈ M and two sequences of open sets {U n |n ∈ N} {V n |n ∈ N} obeying
Lemma 2. There exists a differentiable manifold N homeomorphic to the foursphere S
4 and a smooth generic metric h n on it such that h n | Un = g| Un .
Proof. Consider the manifold
and choose another one
̺ is denoted by Z ⊂ Z ′ . Now form the manifold N gluing together Z ′ and M ′ along their collars given by M ′ \ M and Z ′ \ Z of width ε using the identity function on S 2 × S 1 . Note that both M ′ and Z ′ have the same type of boundary: S 2 × S 1 . Take a smooth cut-off function ρ n : N → R + satisfying
Fix a generic smooth metric h on N and take
Obviously, (N, h n ) becomes a Riemannian manifold homeomorphic to S 4 endowed with a smooth generic metric possessing the required properties. 3
Before turning our attention to the existence result we remind the reader the notion of a concentrated SU (2) (anti)self-dual connection over a compact, oriented, Riemannian four-manifold (X, g) [6] .
Consider the following triple:
where λ is a positive number less then the diameter of (X, g), [A] is the equivalence class of the (anti)self-dual connection A on an SU (2) bundle E of Chern class k over (X, g) (i.e. a point of M k , the moduli space of SU (2) (anti)self-dual connections of Chern class k) and (x 1 , ..., x k ) is an unordered set of k points of X. This triple is called a concentrated instanton if the following hold:
• There is a trivialization τ :
Here d denotes the geodesic distance and B λ (x i ) is a geodesic ball of radius λ around x i .
One of the basic results of the theory of instantons over compact fourmanifolds is Taubes's grafting procedure [12] (see also [6] 
Proposition. There exist smooth non-trivial SU (2) instantons with finite action over the Euclidean Schwarzschild manifold (M, g).
Proof. Fix the point x ∈ N used in the construction of the open sets U k , V k and a metric h n on the constructed manifold N of Lemma 2. Clearly N is simply connected and its intersection form is trivial hence positive definite. This implies that we can apply the previous result and see that there is a diffeomorphism
for a suitable λ > 0. Consider a µ < λ and a geodesic ball B µ (x) ⊂ U n ⊂ M . Due to the above diffeomorphism there exists a concentrated instanton
for a suitable δ and n satisfying B µ (x) ⊂ U n if n > n 0 . In this way for the sequence of metrics {h n | n ∈ N} we have constructed a sequence of instantons {A n | n ∈ N} with non trivial curvature in the essential M part of N . Taking this into account and taking the limit n → ∞ we produce an instanton (µ, [A], x)| M =: (µ, [A], x) concentrated around x. Note that by construction this limit exists. Its action also by construction satisfies
Now we wish to prove that the Euclidean Schwarzschild metric is admissible i.e. satisfies assumption (i) above. Consider the connection matrix A = (A i j ); in the standard orthonormal basis it takes the form:
(18) The restricted connection matrix A r is given by omitting the second row and second column in (18). From this we can see that the associated Dirac-operator is not independent of r. Consider the rescaled metric g/r 2 ; it is not difficult to check that its restricted Dirac-operator ∂ / Mr reads as follows:
This shows that the restriction of the untwisted, four-dimensional, chiral Diracoperator ∂ / to the boundary ∂M r is independent of r for a metric in C g hence assumption (i) is satisfied. This demonstrates that the Euclidean Schwarzschildmetric is admissible although it is far from being a cylindrical metric of the form dr 2 + g S 2 ×S 1 near the end of S 2 × R 2 ! Hence, using our theorem we see that every smooth, (anti-)self-dual, finite-action SU (2)-connection has an L 2 -norm congruent to a Chern-Simons invariant of
is connected for a connected Lie group G. But the Chern-Simons function is constant on a connected component of χ(N ) hence in our case S 2 × S 1 has only one Chern-Simons invariant equal to zero proving that instantons over the Euclidean Schwarzschild manifold have integer action.
An Explicit Solution
To round things off, we construct the simplest instanton explicitly based on standard results.
If (X, g) is a four dimensional Riemannian spin manifold which is moreover Einstein it is well known that the projection of the lifted (i.e. so(4)-valued) Levi-Civitá connection onto the su(2) + part according to the Lie algebra decomposition so(4) = su(2) + ⊕ su(2) − is self-dual.
The su(2) + ⊂ so(4) subalgebra is spanned by the 't Hooft matrices 
Since the Euclidean Schwarzschild manifold (M, g) meets the above conditions we can construct an SU (2) instanton from its Levi-Civitá connection.
Putting (18) into (19) we get for the instanton field: From this we easily derive, using parameterization (16) for (M, g) and the fact that the scalar product −tr(AB) is given by 2Re(xy) in the canonical identification su(2) ≃ ImH, the result S(A + ) = − 1 8π 2 M tr(F + ∧ F + ) = 1.
Concluding Remarks
In this paper we have studied the Yang-Mills functional on open Riemannian four-manifolds (M, g) with non-cylindrical end. It is straightforward to ask whether it is possible to remove the admissibility condition on the metric in order to prove the same result for general complete metrics.
